Abstract. The d-dimensional dyadic martingale Hardy spaces Hp are introduced and it is proved that the maximal operator of the (C, α) (α = (α 1 , . . . , α d )) means of a Walsh-Fourier series is bounded from Hp to Lp (1/(α k + 1) < p < ∞) and is of weak type (L 1 , L 1 ), provided that the supremum in the maximal operator is taken over a positive cone. As a consequence we obtain that the (C, α) means of a function f ∈ L 1 converge a.e. to the function in question. Moreover, we prove that the (C, α) means are uniformly bounded on Hp whenever 1/(α k + 1) < p < ∞. Thus, in case f ∈ Hp, the (C, α) means converge to f in Hp norm. The same results are proved for the conjugate (C, α) means, too.
Introduction
The Hardy-Lorentz spaces H p,q of dyadic martingales on [0, 1) d are introduced with the L p,q Lorentz norms of the diagonal maximal function. Of course, H p = H p,p are the usual Hardy spaces (0 < p ≤ ∞).
For multi-dimensional trigonometric-Fourier series Marcinkiewicz and Zygmund [5] proved that the Fejér means σ 
. , d).
In the one-dimensional case the above convergence result for (C, α) means is due to Fine [2] (for Fejér means see also Schipp [9] ). The author [16] obtained the analogue of the Marcinkiewicz-Zygmund result for the Fejér means of two-dimensional WalshFourier series by proving the weak (
In this paper we generalize these results for the (C, α) means and for d dimensions. We introduce the conjugate transformsf (t) (t ∈ [0, 1)), the conjugate (C, α) A usual density argument implies then that the (C, α) means σ α n f (resp. the conjugate (C, α) meansσ
is not necessarily integrable whenever f is.
We obtain also that the operators σ α n andσ
Dyadic Hardy spaces and conjugate transforms
For a set X = ∅ let X d be its Cartesian product taken with itself d times (d ∈ N). By a dyadic interval we mean one of the form [k2
The σ-algebra generated by the dyadic cubes of length 2 −n × . . . × 2 −n will be denoted by F n (n ∈ N). The expectation and the conditional expectation operators relative to F n are denoted by E and E n , respectively. We briefly write
, where λ is the Lebesgue measure (for the exact definition see e.g. Weisz [16] ).
We investigate the class of one-parameter martingales f = (f n , n ∈ N) with respect to (F n , n ∈ N). The (diagonal) maximal function and the quadratic variation of a martingale f is defined by
respectively. For 0 < p, q ≤ ∞ the martingale Hardy-Lorentz space H p,q consists of all martingales for which
(see Neveu [7] ). It was verified in Weisz [14] that
where ∼ denotes the equivalence of the norms and spaces.
The following interpolation result concerning Hardy-Lorentz spaces will be used several times in this paper (see Weisz [14] ).
Theorem A. If a sublinear (resp. linear) operator T is bounded from
Every point x ∈ [0, 1) can be written in the following way:
In case there are two different forms, we choose the one for which lim k→∞ x k = 0. The functions
are called Rademacher functions.
) the conjugate transforms are defined by the martingalef
where t ∈ [0, 1) is fixed. Note thatf (0) = f . As is well known, if f is an integrable function, then the conjugate transformsf (t) do exist almost everywhere, but they are not integrable in general.
Using the quadratic variation we can easily see that
Furthermore, Khintchine's inequality (see e.g. Paley [8] or Weisz [14] ) implies that
The product system generated by the Rademacher functions is the one-dimensional Walsh system
If f ∈ L 1 , then the numberf (n) := E(f w n ) (n ∈ N d ) is said to be the nth Walsh-Fourier coefficient of f . We can extend this definition to martingales in the usual way (see Weisz [16] ).
Denote by s n f the nth partial sum of the Walsh-Fourier series of a martingale f , namely,
It is easy to see that
Then the nth partial sum of the conjugate transforms is given bys [18] ). The (C, α) means of a martingale f are defined by
It is known that
It is simple to show that
Note that+ denotes the dyadic addition; for the definition, see e.g. Schipp 
for 0 < γ ≤ 1 (cf. e.g. Weisz [16, pp. 66-67]). From this and (4) it follows immediately that
In this paper the constants C depend only on α and the constants C p (resp. C p,q ) depend only on p and α (resp. p, q and α) and may denote different constants in different contexts.
The conjugate (C, α) means of a martingale f are introduced bỹ
For a given τ ≥ 0 the maximal operator and the conjugate maximal operator are defined by
The boundedness of the maximal (C, α) operator on H p
A bounded measurable function a is a p-atom if there exists a dyadic cube I such that 
Theorem B. Suppose that the operator T is sublinear and p-quasi-local for some
Now we can formulate our main result.
For the proof we need the following lemma.
where C p depends on s, p and γ.
Applying (7) we conclude
The equality
(see e.g. Weisz [16] ) implies that
Consequently, if p > 1/(γ + 1), then
Using the fact that the function f (x) := x2 −x is bounded for x ≥ 1, we obtain
The estimation can be finished in the same way as for (A m ) above.
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Consider (C m ) and now use the equality
whenever γ < 1. For γ = 1 the proof can be found in [16] . Finally, by
we have
which shows the lemma. 
